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1. Introduction

Major advances [[[—P] in our understanding of Open/Closed string duality have provided
a number of paradigmatical connections between Riemann moduli space theory, piecewise-
linear geometry, and the study of the gauge/gravity correspondence. These connections
have a two-fold origin. On the mathematical side they are deeply related to the fact that
moduli space admits natural (semi-simplicial) decompositions which are in a one-to-one
correspondence with classes of suitably decorated graphs. On the physical side they are
consequence of the observation that these very decorated (Feynman) graphs parametrize
consistently the quantum dynamics of conformal and gauge fields. In a rather general
sense, simplicial techniques provide a natural kinematical framework within which we can
discuss open/closed string duality. A basic problem in such a setting is to provide an
explanation of how open/closed duality is dynamically generated. In particular how a
closed surface is related to a corresponding open surface, with gauge-decorated boundaries,
in such a way that the quantization of such a correspondence leads to a open/closed duality.
Typically, the natural candidate for such a mapping is Strebel’s theorem which allows to
reconstruct a closed N-pointed Riemann surfaces M of genus g out of the datum of a
the quadratic differential associated with a ribbon graph [0, [l . Ribbon graphs are
open Riemann surfaces which one closes by inserting punctured discs, (so generating semi-
infinite cylindrical ends). The dynamics of gauge fields decorating the boundaries of the



ribbon graph is naturally framed within the context of boundary conformal field theory
(BCFT) which indeed plays an essential role in the onset of a open/closed duality regime.
The reason for such a relevance is to be seen in the fact that BCF'T is based on algebraic
structures parametrized by the moduli space of genus g Riemann surfaces with N punctures
M(g; N). This parametrization is deeply connected with Strebel’s theorem in the sense
that it is consistent with the operation of sewing together any two ribbon graphs (open
surfaces) with (gauge-decorated) boundaries, provided that we match the complex structure
and the decoration in the overlap and keep track of which puncture is ingoing and which
is outgoing. In such a setting a BCF'T leads to a natural algebra, over the decorated cell
decomposition of Riemann moduli space, which can be related to the algebra of physical
space of states of the theory and to their boundary dynamics. It is fair to say that in
such a sense BCFT realizes open/closed duality as the quantization of a gauge-decorated
Strebel’s mapping.

It is well-known that in the analysis of the cellular geometry of Riemann moduli
space there is also another point of view, pionereed by R. Penner and W. Thurston (see
e.g. [[2, [J]), not emphasizing the role of conformal geometry, but rather exploiting the
parametrization of the moduli space in terms of hyperbolic surfaces. Here, one deals with
hyperbolic surfaces with punctures (i.e. , surfaces with cuspidal geometry) rather than with
surfaces with marked points. Moreover, in such a setting one generates a combinatorial
decomposition of Riemann moduli space, still parametrized by ribbon graphs, not by using
quadratic differentials but rather via the geometry of surface geodesics. Some geometrical
aspects of the role of this particular combinatorial parametrization in open/closed string
duality has been recently discussed by R. Kaufmann and R. Penner [[14]. One of the ad-
vantages of the hyperbolic point of view is that one has a clear picture of the geometry of
the surface. In particular of the reasons why, in assembling a surface out of ideal hyper-
bolic triangles, one may get an open surface with boundary, (even if the glueing pattern
of the triangulation is combinatorially consistent with a closed surface) [[J. This gives a
geometrical mechanism describing the transition between closed and open surfaces which,
in a dynamical sense, is more interesting than Strebel’s construction. The drawback is that
in such a setting BCFT is not readily available and it is not obvious, (at least to us), how
to formulate open/closed string duality, by, so to say, quantizing the dynamics of gauge
fields on such hyperbolic combinatorial decomposition of moduli space.

The purpose of this paper is to discuss a bridge between these two combinatorial for-
malisms which seems to select the best of the two approaches. We use both Euclidean
simplicial complexes (dual to the standard ribbon graphs) and hyperbolic geometry. This
is made possible by exploiting the known correspondence existing between locally Euclidean
structures in dimension two and hyperbolic geometry in dimension three. Such a correspon-
dence allows to define in a very suggestive way a map between closed surfaces M, OM = (),
triangulated with Euclidean triangles, and open hyperbolic surfaces Q, 9Q # (), triangu-
lated by ideal hyperbolic triangles. The triangulated Euclidean closed surfaces we use are
(random) Regge triangulations |T;] — M with non-trivial curvature degrees of freedom,
(represented by conical angles {©(k)}, supported at its vertices, describing 2D-gravity),
and decorated with null twistorial fields which can be thought of as defining the embed-



ding of the triangulation in hyperbolic three-space H?. The hyperbolic surface 2 associated
with such conical Euclidean triangulation is generated by locally projecting the Euclidean
triangles of |Tj| — M into the 2-dimensional boundary at infinity of H?3. By considering the
upper half-space model Hi; of H3, such a projection has an elementary realization in terms
of the geometry of ideal tetrahedra whose vertices are decorated with (small) horospheres
k. Any such a horosphere has an intrinsic Euclidean structure and can act as a projec-
tion screen Y from which Euclidean triangles can be mapped, via hyperbolic geodesics in
H?3, into ideal hyperbolic triangles with vertices decorated by horocycles. The geometry of
this geodesic projection and of the induced horocyclic decoration is quite non-trivial. The

vertices o (k) of |Tj| — M, with a conical defect ©(k), get mapped into a corresponding
o(k)
2
come naturally endowed with a SU(2) holonomy generated by a flat su(2) connection on

geodesic boundary 9€(k) of 2, with a length given by |In |. Moreover, such boundaries
Q. Null twistors naturally enter into this pictures as the consequence of the parametriza-
tion of the horospheres of H? in terms of null vectors in 4-dimensional Minkowski space,
(equivalently in terms of the twistorial description of the geodesics of H?). This correspon-
dence between closed (singular Euclidean) surfaces and open hyperbolic surface is easily
promoted to the corresponding moduli spaces: M n x Rf the moduli spaces of N-pointed
closed Riemann surfaces of genus g whose marked points are decorated with the given set
of conical angles, and M, n(L) the moduli spaces of open Riemann surfaces of genus g
with N geodesic boundaries decorated by the corresponding lengths. This provides a nice
kinematical set up for establishing a open/closed string duality once the appropriate field
decoration is activated. The simplest case is when we consider non-dynamical null twistors
fields decorating the vertex of the Regge triangulation. These fields geometrically describe
geodesics in H®, with an end point at co € OHiy = (R2 x {0}) U {oc}, projecting to the N
components 02, of the boundary of €2. Thus, they can naturally be interpreted as fields on
Q) with preassigned Dirichlet boundary conditions on the 02;’s. At the level of the moduli
space My n(L) we can consider the N-point function on Mg n(L), describing correlations
between such Dirichlet conditions. By exploiting a remarkable result recently obtained by
Maryam Mirzakhani [[5, [[f]], we can easily show that the such a correlation function is nat-
urally mapped into the generating function of the Witten-Kontsevich intersection theory on
My N xRY. We can also consider the decoration of 2 associated with the su(2) flat connec-
tion naturally defined on 2 (again generated by the twistorial fields, since SU(2) appears as
the point stabilizer of PSL(2,C) and one views H? as the coset space PSL(2,C)\ SU(2)).
In such a case one has a dynamic SU(2) Yang-Mills field defined on Q and it is straight-
forward to explicitly write down the corresponding N-points function on Mg n(L). The
analysis of open/closed string duality in such a case is much more delicate since it also
involves intersection theory over the variety Hom(m1(2),SU(2))/SU(2) of representations,
up to conjugacy, of the fundamental group of the bordered surface Q in SU(2). Such an
intersection theory is related to a careful treatment of the corresponding BCFT on 2 and
calls into play Chern-Simons theory for the PSL(2,C) group. This is still work in progress
and it will be presented in a companion paper. However we thought appropriate, in a anal-
ysis mainly dealing with geometrical kinematics of open/closed duality, to conclude our
presentation by discussing the aspects of the mapping between closed Regge triangulated



surfaces |T}] — M and open hyperbolic surfaces 2 which naturally activates PSL(2,C)
Chern-Simons theory. In simple terms the mechanism is just the parametrization of ideal
tetrahedra in H? in terms of the similarity structure associated with Euclidean triangles.
This allows to associate with the Regge triangulated surface |7} — M the hyperbolic
volume of a three-dimensional ideal triangulation. When such a triangulation is actually
the triangulation of a hyperbolic three-manifold then the celebrated Kashaev-Murakami
volume conjecture [[7]—RJ] directly activates PSL(2,C) Chern-Simons theory.

It is also interesting to remark that Mirzakhani’s results have been exploited by G.
Mondello in dealing with the Poisson structure of the Teichmuller space of Riemann surfaces
with boundaries [J]. This can be of relevance in describing the symplectic structure of
Hom(m1(92),SU(2))/SU(2) on such bordered surfaces and its interaction with PSL(2,C)
Chern-Simons theory.

Outline of the paper. In section 2 we sketch the properties of metrically triangulated
closed surfaces and of the associated locally Euclidean (singular) structures. This is a
familiar subject in simplicial quantum gravity and non-critical string theory. Here we em-
phasize a few delicate aspects which are not so widely known and which are relevant in our
setting. In section 3 we discuss the connection between triangulated surfaces, hyperbolic
three-geometry and twistors. Such a connection is fully exploited in section 4 where we
explicitly construct a mapping between closed metrically triangulated surfaces and hyper-
bolic surfaces with boundary. We extend such a mapping to the appropriate moduli spaces
and discuss an explicit example of open/closed string duality. In section 5 we analyze
the connection with hyperbolic three-geometry with emphasis on the relation between the
computability of the (hyperbolic) three-volume in terms of the parameters of the original
two-dimensional triangulation and PSL(2,C) Chern-Simons theory. This latter section is
not really instrumental to the main body of the paper, but we have nonetheless decided to
include it to further show the deep connections existing between simplicial methods and
the Physics of open/closed duality. As a final comment, we would like to add a disclaimer:
since some of the geometrical techniques we exploit both in the simplicial formalism as well
as in hyperbolic geometry may not be widely known, we have presented a rather detailed
analysis rather than qualitative arguments. As is often the case with the serious use of
simplicial techniques, the notation can become at a few points quite unwieldy, and for that
we apologize to the reader.

2. Random Regge triangulations

A proper understanding of the role that simplicial methods have in open/closed string du-
ality requires that we consider metric triangulations of surfaces where both the connectivity
and the edge-lengths of the triangulation are allowed to vary. Triangulations with fix con-
nectivity but varying edge-length are known as Regge triangulations [23 wheras if we fix
the edge-length and allow the connectivity to vary we get Dynamical triangulations [24, R3).
Random Regge triangulations [2G], (a term being something of an oxymoron), correspond
to a geometrical realization whereby both connectivity and edge-length are allowed to

fluctuate and provide the general framework of our analysis.



Let T denote an oriented finite 2-dimensional semi-simplicial complex with underlying
polyhedron |7, i.e. , a simplicial complex where the star Star[o?(5)] of a vertex 0°(j) € T
(the union of all triangles of which ¢(j) is a face) is allowed to contain just one triangle.
Denote respectively by F(T'), E(T), and V(T') the set of No(T') faces, N1(T) edges, and
No(T) vertices of T, where N;(T) € N is the number of i-dimensional subsimplices o*(...)
€ T. If we assume that |T'| is homeomorphic to a closed surface M of genus g, then a
random Regge triangulation [Pg] of M is a realization of the homomorphism |7;| — M such
that each edge o!(h,j) of T is a rectilinear simplex of variable length I(h,7). In simpler
terms, T is generated by Euclidean triangles glued together by isometric identification
of adjacent edges. It is important to stress that the connectivity of T is not a priori
fixed as in the case of standard Regge triangulations (see [Rf] for details). Henceforth, if
not otherwise stated, when we speak of Regge surfaces we shall always mean a Random
Regge triangulated surface. We also note that in such a general setting a (semi-simplicial)
dynamical triangulation |T)—,| — M is a particular case [, P4] of a random Regge PL-
manifold realized by rectilinear and equilateral simplices of a fixed edge-length | = a.

2.1 The metric geometry of triangulated surfaces

The metric geometry of a random Regge triangulation is defined by the distribution of
edge-lengths o' (m,n) — [(m,n) satisfying the appropriate triangle inequalities I(h,j) <
1(§, k) + l(k, k), whenever o2(k,h,j) € F(T). Such an assignment uniquely characterizes
the Euclidean geometry of the triangles o?(k,h,j) € T and in particular, via the cosine
law, the associated vertex angles 0;,, = Z[I(j, k), l(k, )], Opn; = Z[I(k, h),1(h, )], Onjr =
Z{U(h, §), 15, F)]; e.g.

1%(j, k) + 1%(k, h) — 12(h, j)

20(4,k)l(k, h)

cos O, = (2.1)

If we note that the area A(j,k, h) of 02(j, k, h) is provided, as a function of 8jkn, by
1
A4,k h) = §l(j’ k)l(k,h) sin 0, (2.2)

then the angles 0.4, Orp;, and 05 can be equivalently characterized by the formula

12(5,k) + 12(k, h) — I2(h, 5)

t Ok = 2.3
o IAGRR) 2

which will be useful later on. It must be stressed that the assignment
E(T) : {0 (k1 5)} iy — R T) (2.4)

o?(k, hy 5) ¥ (O;kh, Oknj» Onjr)

of the angles 6.4, Okn;, and Oy, (with the obvious constraints 6, > 0, Ogp; > 0, Oy, > 0,
and 0, + Okp; + Onjr, = ) to each o%(k,h,j) € T does not allow to reconstruct the metric
geometry of a Regge surface. £(T) only characterizes the local Euclidean structure [R7] of
|Ty| — M, i.e. the similarity classes of the realization of each o?(k, h,j) as an Euclidean tri-
angle; in simpler words, their shape and not their actual size. As emphasized by Rivin [R7],



the knowledge of the locally Euclidean structure on |T'| — M corresponds to the holonomy
representation

H(T) : m(T \V(T)) — GL3(R) (2.5)

of the fundamental group of the punctured surface M \ V(T') into the general linear group
GL2(R), and the action of GL2(R) is not rigid enough for defining a coherent Euclidean
glueing of the corresponding triangles o?(k,h,j) € T. A few subtle properties of the
geometry of Euclidean triangulations are at work here, and to put them to the fore let
us consider g(k) triangles 02(k, ha,hat1) incident on the generic vertex ¢%(k) € T; and
generating the star

Star[o® (k)] = U 02 (k, has hat1)s hgrysr = . (2.6)

a=1

To any given locally Euclidean structure
& (StaT’[O'O(k)]) = {(0a+1,k,aa 9k,a,a+17 9a,a+1,k)} (27)

on Star[c®(k)] there corresponds a conical defect ©(k) = Zi@l 0a+1 ko supported at
o'(k), and a logarithmic dilatation [R7], with respect to the vertex o%(k), of the generic
triangle 02(k, ha, hat1) € Star[o®(k)], i.e. ,

D(k,ha,hat1) = Insin Oy g a1 — Insin O qq1 5 - (2.8)

To justify this latter definition, note that if {l{(m,n)} is a distribution of edge-lengths
to the triangles o2(k,ha,hasr1) of Star[c"(k)] compatible with £(T), then by identify-
ing Ok o041 with Z[I(k,ha), l(ha, ha+1)] and 04 q41, with the angle corresponding to
Z[U(ha,hat1), l(hat1, k)], and by exploiting the law of sines, we can equivalently write

l(ha+1,k)

Dk, hey, hgr1) = 1
( ) +1) n l(k,ha)

(2.9)
In terms of this parameter, we can define ([27]) the dilatation holonomy of Star[o®(k)]
according to

q(k)

H(Star[o®(k)]) = D(k, ha, hat1). (2.10)

a=1
The vanishing of H(Star[oc(k)]) implies that if we circle around the vertex o°(k), then
the lengths I(ha1, k) and [(k, hay1) of the pairwise adjacent oriented edges o'(hay1, k)
and o2(k, ha+1) match up for each a = 1,...,q(k), with h, = hg if 8= a mod q(k). A
local Euclidean structure £(7T') such that the dilatation holonomy H (Star[c"(k)]) vanishes
for each choice of star Star[o®(k)] C T is called conically complete. According to these
remarks, the triangles in T' can be coherently glued into a random Regge triangulation,
with the preassigned deficit angles (k) = 2w — O(k) generated by the given £(T"), if and
only if &(T) is complete in the above sense. Note that if the deficit angles {e(k)}y () all
vanish, we end up in the more familiar notion of holonomy associated with the completeness
of the Euclidean structure associated with |T'| — M and described by a developing map
whose rotational holonomy around any vertex is trivial.



2.2 Holonomies of singular Euclidean structures

There is a natural way to keep track of both dilation factors and conical defects by intro-
ducing a complex-valued holonomy. Let ((,(,(;) a ordered triple of complex numbers
describing the vertices of a realization, in the complex plane C, of the oriented triangle
o2(k,h,j), with edge lenghts I(k,h), [(h, j), [(j,k). By using Euclidean similarities we can
always map (Cx, Cn, Gj) to (0,1, ), with

. C _Ck o l(]a k) i 0jkn
ok = <Z—<k R

(2.11)

where

arg Cign = arg (¢ — Gr) — arg (CGn — Gk) = Ojrn € [0, 27), (2.12)
(thus Im Cjgp, > 0). The triangle (0,1,¢,,) is in the same similarity class E(o*(k,h, 7))
of o2(k,h,7), and the vector Citns
respect to o¥(k), parametrizes £(0?(k,h,j)). The same similarity class is obtained by

the complex modulus of the triangle o2(k,h,j) with

cyclically permuting the vertex which is mapped to 0, i.e. , (Cu,j,Ck) — (0,1,¢,,,) and
(Cja Ck’ Ch) - (0? 15 Chjk), where

s Ck - Ch _ l(k7h) i Ognyj
WG T M) (213)
R R (214)

are the moduli of £(o2(k,h,j)) with respect to the vertex o’(h) and o°(j), respectively.
Elementary geometrical considerations imply that the triangles ((en Chjk Ckhg» 0, Chjk Cikn),
(0,1, Gkn), and (Cjkns Chjk Cjkn, 0) are congruent. This yields the relations

Cikh Chjk Ckhj = —1, (2.15)
Cjkh Chjk = Gjkn — 1,

according to which a choice of a moduli with respect a particular vertex specifies also the
remaining two moduli. For instance, if we describe £(o?(k, h, j)) by the modulus (jxp = ¢,
(Im ¢ > 0), with respect to o°(k) then we get

Gikh = G (2.16)
Ckhj = ilga
Chjr = 1 — %

By selecting the standard branch on C — (—o0, 0] of the natural logarithm, we also get

Injxn = Ing, (2.17)
lanhj - _ln(l - C)a
InCpjr =In(1—-¢)—In{+mi.



In terms of these log-parameters we can extend the logarithmic dilation of the generic
triangle 02 (k, ha, hat1) € Star[o®(k)], to its complexified form

[(has1, k)

_D(C k hcva ha = l - l
( ) +1) nCha+17k7ho‘ . l(k’ha)

+ 4 Ohois ohas (2.18)

where Cp, ., &k, is the complex modulus of the triangle 02(k, ha, hayr1) With respect to the
vertex 0" (k). Correspondingly we define

q(k)
HC(Star[c®(k)]) = > DSk, ha, hat1) (2.19)
a=1
q(k) q(k)
=" D(khashai1) + Y Oheyikhe = H(Star[0"(k)]) +i O(k),
a=1 a=1

where ©(k) is the conical defect supported at the vertex o(k). According to the pre-
vious remarks, it follows that the triangulation |T;] — M will be conicaly complete iff
Re HC(Star[0°(k)]) = 0 for every vertex star, and its conical defects are provided by
{Im H®(Star[c®(k)])}. In other words, a necessary and sufficient condition on the locally
Euclidean structure {6;xp, Onj, Onjx } p(r) in order to define a glueing and hence a random
Regge triangulation is the requirement that

q(k)

1 Ghasrna € U, (2.20)

k=1

for each Star[o’(k)], i.e. that the image of H®(T) lies in the group U(1). Note that
the condition for having a flat Regge triangulation is stronger than HZ(Q Chosrkha = 1,
Vk=1,...,No(T), since it requires that

No(T)
> HE(Star[o°(k)]) = 2No(T)mi. (2.21)
k=1

3. Regge surfaces and ideal tetrahedra in H?

The connection between similarity classes of arrangements of Euclidean triangles with
trivial holonomy HC and triangulations of three-manifolds by ideal tetrahedra is a well-
known property of three-dimensional hyperbolic geometry [R§]. This interplay extends in
a subtle way to the case in which HC is no longer trivial (i.e. , to singular Euclidean
structure [27]) and plays a key role in our results.

To set the stage, let H? denote the 3-dimensional hyperbolic space thought of as the
subspace of Minkowski spacetime (M*, (-,-)) defined by

H = {7 = (%,2",2%,2%) | (¥, 7) = —1, 2" > 0}, (3.1)



and equipped with the induced Riemannian metric defined by the restriction to the tangent
spaces T,H? of the standard Minkowski inner product

(7, y) = =% + 2yt + 2%y? + 2%y°. (3.2)

Recall that the group of orientation preserving isometries of H? can be identified with the
group PSL(2,C) which acts transitively on H? with point stabilizer provided by SU(2).
Let x € H? and 3§ € T,H?® with (3, ) = 1, then the geodesic in H? starting at = with
velocity ¥ is traced by the intersection of H? with the two-dimensional hyperplane of M*
generated by the position vector Z and the velocity ¥ and is described by the mapping

R >t — 7(t) = cosh(t) T’ + sinh(t) ¥ (3.3)

Let v(c0) denote the endpoint of v on the sphere at infinity OH? ~ S?, a closed horosphere
centered at (00) is a closed surface ¥ C H?® which is orthogonal to all geodesic lines in H?
with endpoint «(co). The horospheres in H? with centres at v(co) can be defined as the
level set of the Busemann function ¢ : H3 — R associated with + and defined by

p(z) = lim dys(z,7(t)) -1, (3.4)

where dys( , ) denotes the hyperbolic distance. Thus, to each points at infinity v(co) € OH?
is associated a foliation of H? by horospheres which are the level sets of the Busemann
function. In particular, two horospheres with centre at the same point at infinity are at
a constant distance. Note that, as a set, the horospheres can be parametrized by future-

pointing null vectors belonging to the future light-cone

Lt = {? - (mo,xl,xz,x?’) | (7, 7) =0, 2% > 0} (3.5)

by identifying the generic horosphere ¥, with the intersection between H? and the null
hyperplane (%, w) = —1 defined by the null vector w, i.e. ,

W S, ={y el | (¥, w)=-1, (W,d)=0}. (3.6)

Such an identification allows to associate a natural functional with any pair of horospheres
>, and 3, according to

A(By, X)) =/ (W, 7). (3.7)

the quantity A (X, %,) defines the lambda length [1J] between ¥, and %,,. If v(p, ¢) denotes
the unique geodesic in H? connecting the respective centers p and ¢ of ¥, and %,, then
A (X4, %,) can be related do the signed geodesic distance 6(u,v) between the intersection
points v(p, q¢) N X, and ~(p, q¢) N 3, according to

A(Su, 50) = V2edw), (3.8)

(6(u,v) is by convention < 0 if ¥, and 3, cross each other).



In order to discuss the connection between Regge triangulations and hyperbolic ge-
ometry, it will be convenient to represent H? by the upper half-space model Hi’;, ie.
as the open upper half space {(X Y, Z)eR3 | Z > 0} endowed with the Poincaré metric
Z72(dX2+dY2+dZ?%). The boundary of H? is here provided by OHay™ = (R2 x {0})U{oo},
and, up to isometries, we can always map a given point p to co. Geodesics in the half-space
model are obtained by parametrization of vertical lines {x} x Ry and circles orthogonal
to R? x {0}. In particular, since geodesics with end point oo are vertical lines, it easily
follows that in Hi; the horospheres (centered at co) are horizontal hyperplanes. It is also
worthwhile recalling that the hyperbolic distance between two points p, and ¢ € H? is
explicitly provided in Hﬁg by

1
(Xp — Xq)2 + (Y}? — }/;1)2 + (Zp — Zq)2 2
(Xp - Xq)2 + (Y}? - Y;I)Q + (Zp + Zq)2

dygs (p, q) = 2tanh™! (3.9)
In particular, if we take any two geodesics l; and [y with end-point co and evaluate their
hyperbolic distance dgs(l1,l2) along the horospheres ¥1 = {z = ¢1} and Y9 = {z = t2},
with ¢t > t1, separated by a distance dgs (31, X2), then we get the useful relation

dH3 (ll, 12)’22 = dH3 (ll, 12)’21 6dH3(21’22). (3.10)

Let af’lyp = (19(0),v°(k),v°(h),v°(j)) be an ideal simplex in Hiyy', ie. , a simplex

whose faces are hyperbolic triangles, edges are geodesics, and with vertices lying on BH?{;.
In order to describe the basic properties of aﬁyp recall that, up to isometries of Hﬁ’;, we
can always assume that one of its four vertices, say v%(0), is at the point co whereas the
remaining three v°(k), v°(h), and v°(4) lie on the circumference intersection of R x {0}
with a Euclidean half-sphere D? of radius 7 and centre ¢ € {(X Y, Z)eR3 | Z = 0}. Note
that D? inherits from Hi’; the structure of a two-dimensional hyperbolic space and that,
consequently the simplex Jﬁyp = (v°(k),v°(h),v°(4)), providing the two-dimensional face

of Uf’lyp = (v9(0),v°(k),v°(h),v°(4)) opposite to the vertex v°(0) ~ oo, is itself an ideal
3

hyp
centered at v°(0) = oo and sufficiently near to v°(0). Since all horospheres are congruent,

simplex in D2. Denote by A (v°(0)) the intersection between o and a horosphere ¥,
Yo can be mapped onto a horizontal plane z =t C Hi; by a conformal mapping fixing
00, to the effect that A, (v°(0)) is a Euclidean triangle Too(aﬁyp) = o%(k,h,j) in the
plane of the horosphere. This latter remark implies that the vertex angles (6;xn, Oxnj, Onjk)
of Too(aﬁyp) can be identified with the inner dihedral angles at the three edges v'(oo, k),
v!(o0, h), and v!(oo, j) of aﬁyp, ie.,

Ojkn — Pook = £ [v*(0, 4, k),v*(0,k,h)] (3.11)
Hkhj — gbooh =/ [U2(Oa ka h)’v2(0a h,])] )
Onjk — Pooj = £ [V2(0,h,5),0*(0, 5, k)],

where v2(.,.,.) denote the faces of af’lyp. It is easy to prove, again by intersecting aﬁyp

with horospheres ¥y, ¥, ¥; centered and sufficiently near to the respective vertices vO(k),

3

v9(h), v°(j), that dihedral angles along opposite edges in Thyp

are pairwise equal ¢oor = @pj,
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Gooh = Djk, Pocj = ¢kn- This implies that the (Euclidean) triangles cut by the horospheres
Yk, Xp, 2j are all similar to T (Jﬁyp). In particular, note that the geometrical realizations

of the simplices

Tinyp (ks 1y §) = 02 (R, D, ), (3.12)
Ty (00, ky ) = 0*(0, k, h),
Tiryp(00, 5, k) = 0*(0, j, k),

are ideal triangles in H3. It follows that the above construction is independent from the

choice of which of the four vertices of Jﬁyp is mapped to oo and we can parametrize the

3
hyp

Euclidean triangle T(Jﬁyp): any two ideal tetrahedra o

in Hi’; in terms of the similarity class [0%(k, h, j)] of the associated
3

hyp
associated triangles T(Uf’lyp) are similar. This is in line with the basic property of H?

ideal tetrahedra o

in Hi’; are congruent iff the

according to which if a diffeomorphism of H? preserves angles then it also preserves lengths.

3.1 Horospheres and twistors

To conclude this brief résumé of hyperbolic geometry, let us observe that if we mark a
point P on the horosphere ¥,,, then there is a characterization of (X,,, P) in terms of null
AN = gan

twistors which will be relevant in what follows. To fix notation, let o and

denote by

ro. 0 1 ’o 0 7 ;. 1 0
afm:(l O), og‘A:<_Z. 0)7 agmz(o _1)7 513

the Pauli matrices. Let [, the null line passing through the marked point P € 3, and
contained in the plane (%, w) = —1 whose intersection with H? defines ¥,. Let us

represent the coordinates y* of P in terms of the Hermitian matrix

P [ = — o —_
w Yy \/iy k \/5 yl_,L'yQ yo_y3

and describe the null future-pointing vector w € L in terms of a two components SL(2, C)

AA 1w aa 1 <y0+y3 y1+iy2> (3.14)

spinor €4 as W «—— £AEA, (as usual, a representation which is unique up to a phase
conjugation, i.e., €4 — e’ ?¢4). In terms of these quantities we can associate with the pair
(X4, P) the null twistor

(Sw, P) — WA = (¢4, n4) eCP? (3.15)
where A = 1,2,3,4 and 14 = —i & Ay is the moment of €4, (with respect to the origin
0), evaluated at the marked point P. Conversely, from 14 = —i & 4y 4 we have

. B— \—1 _
yaa =i (E°MB)  Mana, (3.16)

and we can parametrize the null line [, through y 44/ according to

tl—)XAA/(t):yAA/—{—tEAgA/. (317)
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Note that, since there is a unique hyperbolic geodesics v passing through P € ¥, with
endpoint v(w), centre of ¥, the twistor W4 can be equivalently thought of as representing
7 or, by duality, the Busemann function (B-4) associated with . This correspondence
between twistors and geodesics in H? is particularly useful when dealing with two distinct
horospheres ¥, and ¥, , respectively represented by € 4 (k) €4 (k) and £4(h) €4 (h). In
such a case, to the ordered pair (3, ,%,,) we can associate the null twistor

(S Sy, ) — WAk, h) = (€4(k), € 4(h)) € CP' x CP'\ A (3.18)

where A is the diagonal in CP! x CP!, (which must be removed since the horospheres are

distinct). Similarly, we have the correspondence
(Swps Sy ) — W AR, k) = (€4(R), € ar(R)) (3.19)

for the pair (3,,2y,) in reversed order. The characterizations (B.1§) and (B.19) are
twistorial in the sense that W (h, k) and W*(k,h) are incident, i.e. ,

WAk, ) Wa(hy k) = €4 (R)E a(k) +Ea(WEX () = 0 (3.20)

where W (k, h) Wa(h, k) denotes the (pseudo-hermitian) inner product in twistor space.
This implies that we can find two null lines [ and [, with respective tangent vectors
EA(R)EA (k) and €4 (R)EA (), intersecting each other at a point 44 (k, k) such that

Ea(h) = =i & (k)zan (), (3.21)
Ear(k) = =i (W)wan (k. h). (3.22)

Formally we can write
z g (k,h) = EAR)E alh) (Es(R)Ey (k) + &1 (W)E s (h)) - (3.23)

In order to characterize the point x4/ (k, h) in geometrical terms, observe that given any
two distinct horospheres X, and ¥, there is a unique parametrized hyperbolic geodesic
t — (k,h)(t) connecting them. Such a geodesic marks a unique point y(s;, 4y = v(k,h) N
Y, on X, , (similarly there is a unique point y(s, ) = v(h, k) N Xy, intercepted on ¥y,
by the orientation-reversed geodesic 7(h,k)). We let I be the null line passing through
Y(s,,n) With tangent vector EA(k)EA (k), and I, the null line passing through Y(sy,k) With
tangent £4(h)€4 (k). Both such lines lie in a two-dimensional hyperplane C M?* passing
through the origin and whose intersection with H? traces the geodesic v(k,h). Since the
horospheres >, and Y, are distinct, the lines [, and [; necessarily intersect in a point
which provides the required x 4 4/(k, h). Recall that in terms of the spinorial representation
—

w — 5’45‘4/ and v —— (AC4 of two future-pointing null vector w and ¥ we can

write 1 1
— (v, W) = ¢ TP e capean = (€7 EY, (3.24)

where € 45 is the antisymmetric (symplectic) 2-form on spinor space (chosen so that €y = 1
in the selected spin frame), and where spinorial indices are lowered and raised via ( p =
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CAeqp and ¢4 = 4B .  Applying this to the null vectors w (k) and w(h), defining
the two horospheres ¥, and X, , we get the twistorial expression of the corresponding
A-length

NPT =\ 60T WEPMET W) = - [lea®e W]l (325

In terms of the geodesic y(k,h) we are basically describing the well-known twistor corre-
spondence [R9] between the geodesic field of H? and the (mini)twistor space CP! x CP!\ A.

3.2 The computation of lambda-lengths

A key step in discussing the relation among Regge triangulations, twistor theory, and
hyperbolic geometry involves the computation of the lambda-lengths (B.7) in terms of the
Euclidean lengths of the edges of o2(k,h,j). To this end, we consider horospheres ¥y,
¥5,%; sufficiently near to the vertices v°(k), v°(h), v°(j) of aﬁyp(k:, h,7). We start by
evaluating the lambda-lengths (B.7) along the vertical geodesics connecting v°(0) ~ oo
with the triangle aﬁyp(k:, h,j). By applying (B.9) and (B.§) we get

t
A (Boos D) = 4/2—, (3.26)
2k
t
A (oo, Bn) = 4/2—,
2

[t
XYoo, Bj) = 4[2—,
“j

where z = 23, 2 = 23, and 2z = z; respectively define the z coordinates of the intersection
points between the horospheres ¥, ¥, 3; and the corresponding vertical geodesics. Con-
sider now the intersection of the ideal triangle aﬁyp(oo, k,h) with each of the horospheres
Yoo, Lk, and Xp. Each such an intersection characterizes a corresponding horocyclic seg-
ment [ o, F g, F n whose hyperbolic length defines (twice) the h-lenght of the horocyclic
segment. In particular, the horocyclic segment traced by Jﬁyp(oo, k,h) N Yo is the side
ol(k,h) of the Euclidean triangle o2(k, h, j). According to (B.), its h-lenght is provided
by

12(k,h)

Ky (k,h) = tanh™ | ")
¢ (k, h) = tan 12(k, h) + 4¢2

(3.27)

On the other hand, the horocyclic segment o!(k, h) is opposite to the geodesic segment

intercepted by the horospheres Y, and ¥j, along the hyperbolic edge Jlllyp(k’ h). The

lambda-length of this segment is A (X, ¥1,), and according to a result by R. Penner [,

(Proposition 2.8), among these quantities there holds the relation
A (Zk, n)

A(Zoos ) A (Zoo, 20)

Ki(k,h) = (3.28)

from which we get

21 [ 2kh)
\/ZkZh lz(/{?, h) + 4427

(3.29)
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Similarly, we compute

2t 12(h, j
A(Sh, 5)) = tanh ™! % (3.30)
v/ #h%j ! (h7]) + 4t
2t _ 12(5, k)
A(S, ) = tanh ™'\ | ——2 " 3.31
(%4 %) i 12(j, k) + 4t2 (331)

Note that these relations must hold for any ¢, and if we take the limit as t — oo we easily
find

A (S, Sp) = (3.32)

A(S), ;) = (A ) (3.33)

A(S,5) = (3.34)

We can also compute the h-lengths associated with the decorated ideal triangle aﬁyp(k, h,7)
and defined by

H (3g,Xp) = A(Eh),\éff;\z()g)j,ilk)’ (3.35)

- A (Eh’ )y )
H (%, %) = )\(Ejyzk))\(ék,zh), (3.36)

. A(Z,, %)
H(%;,%5) = INORSAEYRE (3.37)

From (B.39) + (B.34) we get

H (X, %) = % zj, (3.38)
H (Z,%5) = % 2k (3.39)
H (3, 5) = — 5 k) (3.40)

1k, )ik )
Since the A-length A(Xg,3;) can also be expressed in terms of the spinorial quantity
273 15 (K)EB(R)]], (see (B:25)), we can use the above connection with the Euclidean lengths
{I(k,h)} in order to provide, in terms of the spinorial norms {||¢g(k)¢®(h)||} and of the
{l(k,h)}, the z-coordinates {zx} of the marked points on the horospheres. Explicitly, from
the expressions (B.39), (B.3§) of the h-length H (X, X)) and (B.2) we get
1€ (k)E" (0] L(k, h)

H 0 50) = V2 e B O eGP~ iR 2 &4

from which we compute

L —\/2 1€ (R)EP (M| L(h, UG, F)
’ 1E8(REE DI IEBGHEP R (R, h)

(3.42)
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(by a cyclical permutation of (k, h, j) we easily get the expressions for zj, and z;). Note that
the knowledge of the {z;} provides, up to translations in R? x {0}, the horospheres {}} in
Hﬁg which decorate the vertices of the ideal triangle Uﬁyp(kz, h,7), (the actual position of
these horospheres is defined by the corresponding null vector €2 (k) € (k) ). It follows from
these remarks that from the twistorial decoration of the Euclidean triangle o2(k, h,j) we
can fully recover the horospherically decorated hyperbolic triangle Jﬁyp(k‘, h,7). In other
words we have the correspondance

‘Euclidean triangles decorated with null pairwise incident twistors‘

v

‘Ideal hyperbolic triangles decorated with horospheres‘

This directly bring us to discuss what kind of structure is induced in Hf’ler by a twistorial
field defined over the whole triangulation |T;| — M.

4. Regge triangulations in twistor space

The geometrical analysis of the previous paragraphs implies that to each of the Nyo(7T') Eu-
clidean triangles o2(k, h, j) of |T;| — M we can associate a ideal tetrahedron af‘lyp(oo, k,h,7)
in Hﬁ; and an ideal triangle aﬁyp(k:, h,j) decorated with the horocyclic sectors induced
by a choice of horospheres ¥, X5, ¥;. Note that the decoration of the vertices vO(k),
v2(h), and v°(j) actually exploits the data of (2x, Xk), (2n, ¥1), and (zj, X;) where the
points z, zp, and z; belongs to the respective horospheres and determine the geodesic v
in Hﬁ; whose endpoint y(c0) is the centre of ¥,. According to (B.13) this decoration of
O'ﬁyp(ki, h, ) can be thought of as induced by the twistorial decoration of the vertices of the

Euclidean triangle o?(k, h, j) defined by the map
(s 3
{o (z)}V(T) — CP (4.1)
o (k) (€ (k) nar (k)

which associates with each vertex 6%(k) € |Tj| — M the null twistor describing the marked
horosphere (X, z;). Equivalently, we can use the decoration defined by the null twistor
WA(k:, o0) describing the geodesic v, i.e.,

{c°())}, ) — CP!' xcpPh\A c CP3 (4.2)
g

(
O(k) 7 Wh(k, 00) = (€(K),E a(00))

where fA(oo)EA (00) is the null vector defining the horosphere ¥,. Whichever representa-
tive we chose, the edges of o2(k, h,j) carry an induced twistorial decoration defined by

{o'(k,h)} 51y cP' xcPh\A c cp? (4.3)
o' (k h) — WAk, B) = (€4(k),E 0 (R))
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which to each oriented edge o' (k, h) of |Tj| — M associates the null twistor (£4(k), € 4/ (h))
describing the parametrized geodesic y(k, h). It is worthwhile noticing that the massless
twistor fields defined on |T;| — M by ([£2) and ([.3) can be equivalently thought of as
providing a geometrical realization of an immersion of the random Regge triangulation
|Ty| — M in the quadric CP! x CP'\A in twistor space CP3.

As we have seen in paragraph B.4, the above twistorial decoration allows to associate
with each Euclidean triangle o2(k, h,j) a corresponding ideal triangle aﬁyp(k:, h,j) with a
horocyclical decoration of the vertices, which can be recovered in terms of the Euclidean
lenghts {I(k,h)} of o*(k,h,j) and of the spinorial norms {||{z(k)¢P(h)||}. Clearly, there
is more in such a correspondence, and in particular one is naturally led to explore the
possibility of glueing the ideal triangles {Jﬁyp(k, h,7)} in the same combinatorial pattern
defined by |T;| — M. This must be done in such a way that the twistor fields on |T;| — M
provide a consistent horocyclical decoration of the vertices of the ideal triangulation defined
by {Uﬁyp(k:, h,7)}. In performing such an operation one must take care of three basic facts:
(i) ideal triangles are rigid since any two of them are congruent; (i) the adjacent sides of
two ideal triangles can be identified up to the freedom of performing an arbitrary traslation
along the edges, (each edge of an ideal triangle is isometric to the real line, its hyperbolic
lenght being infinite, and two adjacent edges may freely slide one past another); (i) Since
H? is a space of left cosets of SU(2) in Si(2,C), the identification of the marked point zj
on the horosphere (X, 2;), associated with a vertex o”(k), is only defined up to the action
of SU(2). These translational and SU(2) degrees of freedom can be exploited in order
to specifing how the decoration provided by the horocyclic sectors in an ideal triangle is
extended to the adjacent ideal triangle. Within such a set-up, let us consider the star
Star[o®(k)] of a generic vertex o°(k) over which g(k) triangles o2(k, hq, hat1) are incident.
Let us label the corresponding set of hyperbolic ideal triangles by aﬁyp(k, hashat1), o =

1,...,q(k), with hy = hgif B = a mod ¢(k). The natural hyperbolic structure on

q(k)
P2(k) = | otyp (ks b hayr) = {0°(R) } (4.4)

a=1

(v°(k) being the vertex associated with ¢%(k)), induces a similarity structure on the link
associated with v9(k)
a(k)
tink [v°(k)] = | onyp(har hat1), (4.5)
a=1
which characterizes, as k varies, the hyperbolic surface one gets by glueing the hyperbolic
triangles Uﬁyp(k:, hashat1). To determine such a similarity structure, let us consider a
triangle, say aﬁyp(k:, hi,hs), in P%(k), and let f Zl be the oriented horocyclic segment
cut in Uﬁyp(k‘, hi,hg) by the horosphere ¥;. This horocyclic segment can be extended, in a
counterclockwise order, to the other ¢(k)—1 ideal triangles in the set {Uﬁyp(k:, hashat1)} by
requiring that such an extension meets orthogonally each adjacent geodesic side of the ¢(k)
triangles considered. Since the horospheres are congruent and the identification between
adjacent sides of ideal triangles is only defined up to a shift, such an extension procedure
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generates a sequence of ¢(k) horocyclic segments {F ZO‘} which eventually re-enters the
. . . ~h . .

triangle Uﬁyp(k‘, hi,he) with a horocyclic segment f kq(k) which will be parallel to f Zl but

not necessarily coincident with it. The similarity structure is completely characterized

by the Euclidean similarity f : R — R which maps, along Ukllyp(hl’ hg), the point F Zl N

~h
Uﬁyp(hl, h2) to the point F,** N Jlllyp(hla hg). The horocycle curve t — F(t), 0 <t <27

closes up, i.e. , le ﬁalllyp(hl, he) = FZ“(M ﬂaﬁyp(hl, ho) iff the Euclidean length |F . (¢)|guc
of t— Fi(t)is 2m, (note that |F i (t)|muc is always a constant). In our case, the Euclidean
length of the horocycle curve t — F(t), 0 <t < 27 is given by the conical defect ©(k) =
ngg@a.&k,a supported at the vertex o%(k) € |Tj| — M. Thus, the similarity ratio is given
by (%7]:)) Given such a ratio one can compute, by exploiting (B.10), the signed hyperbolic

q(k)

. ~h .
distance between the horocycle segments f Zl and F """ according to

O(k)

o = d[v°(k)], (4.6)

Fdgs (11, T") = In
where the sign is chosen to be positive iff O(k) < 2, i.e. if the horodisk sector bounded
by le contains the sector bounded by fzq(k). Note that the number d[v°(k)] does not
depend from the initial choice of F Zé(k)’ and is an invariant only related to the conical
defect ©O(k) supported at the vertex o%(k) of |Tj] — M. It can be identified with the
invariant introduced by W. Thurston ] in order to characterize the completeness of
the hyperbolic structure of a surface obtained by gluing hyperbolic ideal triangles (the
structure being complete iff the invariants d[v°(k)] are all zero for each ideal vertex v°(k)).
A classical result by W. Thurston, ([[[3], prop. 3.10.2), implies that the glueing of the Na(T')
ideal triangles according to the procedure just described gives rise to an open hyperbolic
surface 2 with geodesic boundaries. Each boundary component 0€) is associated with a
corresponding vertex o°(k) of |Tj| — M, and has a length provided by

09| = |d(v°(k))| = ‘m o] (4.7)

2

These geodesic boundaries come also endowed with a SU(2) holonomy which is generated
by the twistors (£4(k),na (k)) decorating each vertex o(k). Explicitly, let

(gA(k)’ nA/(k))o2(k7hmha+l) (48)

denote the twistor associated with the marked horosphere (3, z;) which decorates the
vertex v%(k) of the triangle Jﬁyp(k‘, hayhat1). If we denote by I = %5,4,4/ the hermitian
matrix corresponding to (1,0,0,0) € H?, then we can set na (k) = —i&A(k) zaa (k)
where z44/(k) is the SL(2, C) matrix associated with the marked point z;. When we move
from the triangle 02(k, ho, hat1) to the adjacent one o2(k, hay1, hato) the corresponding
group elements  244/(k)|o2 (k,hohasr) A0 2447 (K)]02 (k,hos1 hase) » Peing associated with
the same coset {z} € SL(2,C),SU(2), are related by

Z2AA (B) 02k has 1 hase) = 2AA (K)02 (ko hasr) S(F> Pat 1), (4.9)
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where s(k, hoy1) € SU(2), and where the labelling (k, ho1) refers to the edge o' (k, hot1)
shared between the two adjacent triangle o2(k, ha, hat1) and 02(k, hai1, hat2). Since the
locally Euclidean structure in each Star[o(k)] is characterized by a U(1) holonomy ¢?©®*),
we require that s(k, hat1) lies in the maximal torus in SU(2), i.e.

O eii 9a+1,k,a

. i €a+l,k,cx O
S(/{?, ha+1) — ¢930at1k0 = < € ) . (4.10)

Thus, by circling around the star Star[c°(k)] we get

q(k)
2441 (B) |02 (ko hgyhn) - = 2447 (K)|o2(k 1y o) H s(k, hat1), (4.11)
a=1
with hgx)+1 = h1. The group element defined by
q(k) '
U =[] s(k, has1) = 72 ©®) (4.12)
a=1

provides the SU(2) holonomy associated with the geodesic boundary 9. Associated with
such a holonomy we have su(2)-valued flat gauge potentials Ay locally defined by

L 1 (dS(k)  dC(k)
Ay = — 0% |k (O(k 22 - = 4.13
w = I O 705 (T - T ) (113)
where (k) is a complex coordinate in a neighborhood of the boundary component 0,
(defined by glueing to 9 a punctured disk € C with coordinate ((k)), and where v; €

SU(2). We can sum up these remarks in the following

Proposition 1. A closed random Regge surface (|T;| — M) whose vertex set {Uo(k‘)}Y(T)

is decorated with the null twistor field o°(k) — W (k,00) has a dual description as the

ideal triangulation H (|T;] — M) of an open hyperbolic surface Q ~ M/V (T) with geodesic
o(k)

boundaries 0%, of length |0Q| = [In ==|. To any such a boundary it is associated a

SU(2) holonomy Uy, = €739 ®) generated by a su(2)-valued flat gauge potential Ay-

4.1 Moduli kinematics of closed/open duality

Let 7,4 n,(L) denote the Teichmiiller space of hyperbolic surfaces 2 with geodesic boundary
components of length

L= (Li,...,Lny) = (|0Q],...,|02n,]) € RY®. (4.14)
Note that, by convention, a boundary component such that |0Q;] = 0 is a cusp and

moreover 7Ty n,(L = 0) = Ty n,, where 7Ty, is the Teichmiiller space of hyperbolic
surfaces with Ny punctures, (with 6g — 642Ny > 0). The elements of 7y n,(L) are marked
Riemann surface modelled on a surface Sy n, of genus g with complete finite-area metric
of constant Gauss curvature —1, (and with Ny geodesic boundary components 9S = LU0S;
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of fixed length), ie. , a triple (Sq Ny, f, ) where f : Sy n, — Q is a quasiconformal
homeomorphism, (the marking map), which extends uniquely to a homeomorphism from
Sg.No U OS onto QU 9. Any two such a triple (Sg g, f1, Q1)) and (Sy Ny, fa, Q(2)) are
considered equivalent iff there is a biholomorphism % : €1y — () such that fy Yohof :
Sg Ny UOS — Sy n, UOS is homotopic to the identity via continuous mappings pointwise
fixing 0S. For each given string L = (L1, ..., Ly,) there is a natural action on 7, n,(L)
of the mapping class group Mapy n, defined by the group of all the isotopy classes of
orientation preserving homeomorphisms of {2 which leave each boundary component 0f2;
pointwise (and isotopy-wise) fixed. This action changes the marking f of Sy n, on Q, and
characterizes the quotient space

= Tono(L) (4.15)

MngO(L) - MapgN
»4V0

as the moduli space of Riemann surfaces (homeomorphic to Sy n,) with Ny boundary
components of length |0€;| = L;. Note again that when {L; — 0}, Mg n,(L) reduces to
the usual moduli space M, n, of Riemann surfaces of genus g with Ny punctures. We have
dimrMgy Ny (L) = 69 — 6+ 3Ny and dimrM, N, = 69 — 6+ 2Ny the extra Ny coming from
the boundary lengths. Let us denote by M% N, the Deligne-Mumford compactification of
the moduli space of Ny-pointed closed surfaces of genus g. As a connected complex obifold
M, N, is naturally endowed with the i-th tautological line bundle £(i) whose fiber at the
point (2, p1,...,pN,) € M%NO is the cotangent space of ) at p;. Let us recall also that
for surfaces with punctures € 7, n, one can introduce a trivial bundle, Penner’s decorated
Teichmiiller space,

Tyo =5 Ty Ny (4.16)

whose fiber over a punctured surface Q is the set of all Ny-tuples of horocycles in §~2, with
one horocycle around each puncture, (there is a corresponding trivial fibration ./(/(v% N, over
Mg Ny ). A section of this fibration is defined by choosing the total length of the horocycle
assigned to each puncture in Q.

In our case, the hyperbolic surfaces Q2 with geodesic boundary € 7, n,(L) arise from
the interplay between the geometry of the horocycles and the conical holonomies e?@39(%)
of the underlying Regge triangulation |T;| — M. In particular, if let {©(k) — 27}, then
there is a natural mapping between (L*)M x 7y n, (L), (Lt being the future light cone
parametrizing the horospheres), and the decorated Teichmiiller space ’j'% N,- This conical
forgetful mapping is defined by associating to {2 the hyperbolic surface Q with Ny punctures
obtained by letting {©(k) — 27} and by decorating the resulting cusps with the horocycles
traced by the horospheres {3}, i.e.

L x T, (L) — Ty (@17
(a0 {uPo0.m G2 ) — 8= (= = va),

where V(T') denotes the set of Ny(T") vertex of M. In such a construction an interesting
role is played by the lambda-lengths associated with the decorated edges of the triangles
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o2 . According to a classical result by Penner ([B0], Theorem 3.3.6), the pull-back 7 wwp
hyp - hor
under the map o, : 7 3 — 77 of the Weil-Petersson Kéhler two-form wwp is given by

23 dindAdmA+din A Adn o+ dln Ay Adln ), (4.18)

[ohyp)

where the sum runs over all ideal triangles aﬁyp whose ordered edges take the lambda-
lengths Ag, A1, A2. Note that (for dimensional reason) m*wyp is a degenerate pre-symplectic
form. Either by pulling back 7},  wwp one more time under the action of the conical
forgetful mapping ([.17), or by analyzing its invariance properties under the mapping class
group, is straightforward to verify that (4.1§) extends also to bordered case. In our setting
it provides

Towwp(Z) = =2 Y dIn A(Sk,Th) A dIn A(Sh,55) + (4.19)

[Ohypl F(T)

+dIn A (Eh,E-) Adln A (Ej,Ek) +dIn )\(E]’, Ek) Adln A (Ek,Eh)

B dlkh/\dl(h]) dl(h, ) NdI(G, k) Al k) Adi(k, h)
- 22 g LG k) GBI h)

where we have exploited the expressions (B.39), (B.33), (B.34) providing the lambda-lengths
in terms of the Euclidean edge-lengths I(k, h) of the Regge triangulation.

If we denote by Vj n, (Mg.ny(L)) the volume of the moduli space My n,(L) with
respect to the measure associated with the Weil-Petersson form wywp(2), then one can
compute the dependence of Vy n, (Mg n, (L)) from the boundary lengths L = (L1, ..., Lx,)
by exploiting a remarkable result due to M. Mirzakhani [[[5, [[q]

Theorem 2. (Maryam Mirzakhani (2003))
The Weil-Petersson volume Vg n, (Mg n,(L)) is a polynomial in Ly, ..., Ly,

2aN0

2
Va.No (MQJVO (L) = Z Ca1~~~CVN0L1a1 - 'LNO ) (4.20)
(al,...,aNO)E(ZZO)NO
|a|<3g—3+Ng
where |a| = Zi-vzol a; and where the coefficients Co, ..y, > 0 are (recursively determined)
numbers of the form

__ . 69g—6+2Np—2|a
Cal...aNO =7 0=2ef

q (4.21)
for rationals q € Q.

Moreover Mirzakhani [[[§, [[f] is also able to express Cha,. o v, in terms of the intersection
numbers < Tq, ... Tay, > B of the tautological line bundles £(i) over M, y, according

to
o 9m(g,No)|a| (4.22)
= < Taq - T >, .22
Ao T glal Hg@l a;il(3g =34+ No — o)t~ 7
< Tay -- “Tan, > = / ) waNo . 39 3+No—|af (4.23)
M

9,Ng
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where 1); is the first Chern class of £(7), and where m(g, No) = d4,10n,,1- Note in particular
that the constant term Cj. o of the polynomial V, n, (Mg n, (L)) is the volume of M%NO
ie.

P3g73+N0(T)

— w
Co..0 = Vgny (Mgng) = / W (4.24)

Ty,n, (39 — 3+ No(T))!

The valutation of the Cy, . o No is at fixed Ny (and at fixed genus g), and it is interesting to
compare it to what is known when the genus increases or when Ny increases. In particular,
let us recall that the Weil-Petersson volume of the moduli space M% N, for any fixed value
of Ny is such that

A{(29)! < VN (H%NO) < A3(29), (4.25)
where the constants 0 < A; < As are independent of Ny (see [B2, BJ]). Conversely, the

large Ny asymptotics of V, n, (ﬂ% No) at fixed genus has been discussed by Manin and
Zograf [B4, BY]. They obtained the asymptotic series

_ 5g—1 —~ B
V. No (MQJVO) = 709-6+2No (No + 1)%071\[0 (Bg + Z ﬁ , (4.26)
k=1

where C' = —%jod%Jo(ZNz:jo, (Jo(z) the Bessel function, jy its first positive zero); (note
that C'~ 0.625....). The genus dependent parameters B, are explicitly given BH by

— 1 1
Bo = s o By =L
= (4.27)
B, = A2 _ <7_3g73>’ >9
I pre2gar(it) ot \ 2 9=

3

where A = —jalJ(’] (Jo), and <7’§’gf > is a Kontsevich-Witten [Bf] intersection number, (the

coefficients B, j, can be computed similarly-see [B5 for details).

4.2 An example of open/closed string duality

The preceding results provide a suitable kinematical set up for establishing a open/closed
string duality once the appropriate field decoration is activated. To this end let us consider
the non-dynamical null twistors fields decorating the vertex of the Regge triangulation.
These fields geometrically describe geodesics in H?, with an end point at co € 3H3’p+ =
(R? x {0}) U {00}, projecting to the N components 9§ of the boundary of €. Thus,
they can be interpreted as fields on 2 with preassigned Dirichlet conditions on the vari-
ous boundary components 9, and we can consider the N-point function on Mg n, (L),
describing correlations between such Dirichlet conditions. Explicitly, let us consider the
A-lengths \(X oo, ¥1) associated with the vertical geodesic connecting v°(0) ~ co with the
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generic vertex v°(k) of the ideal triangulation H(|T| — M). We form the expression

2 (L1, 6(S00, )i 5 (L, 8(Soc, B,)) = (4.28)
= Cal...aNO [)‘(Eom 21) Ll]zal s [)‘(Eooa ENo) LNO]QGNO

(al,...,aNO G(ZZ())NO
|a|<3g9—3+Ng

_olel YT Gy I 2 3 Ba) 2%
0

(01,.-,ang ) E(Z0)NO
|a|<3g9—3+Ng

)

where §(Xo0, X)) is the signed hyperbolic distance between the respective horosphere.
Thus, Z37") (;0(30c, £1), .- ., ) basically provides correlations in the moduli space M N, (L)
among the Dirichlet boundary conditions, along the {9} boundary components, of the
local fields §(X oo, Xk). Such correlations describe the distribution in My n, (L) of the (hy-
perbolic) distance from the surfaces Q € M, n,(L) and the Euclidean screen Yo, C thp
from which the generic hyperbolic surface €2 is locally generated by projecting Euclidean
triangles into hyperbolic triangles. From Mirzakhani’s results we get

1
X
(39 — 34 No — \04!)'

208 (L1, 0(Foc, )i ) = (4.29)

L2az a; 6(Bo0,Xi)

a; 39—3+No— ‘Cv|
X E , / H Vit ww p

(a1,s0ny)E(Z0) N Ma.No i=1
|a|<3g9—3+Ng

o)

ever, for our purposes it is more interesting to consider the scaling regime in Whlch the

We could insert here the explicit expression of the boundary lengths L; = (ln > how-
projection field {6(¥s,Xk)} generates the bordered hyperbolic surface Q2 from the Ny-
pointed closed surface M\ V(T') associated with the random Regge triangulation |T;| — M.
According to formula (31) governing the distance scaling in hyperbolic three-geometry, such
a regime corresponds all possible rescalings §(Xo0, ) — B38(Zo0, Xk) and Ly, — S Ly,
B € (0,00), of the hyperbolic distance and the boundary lengths, such that

k 1
Li(B)edsFoeBk) — ‘m ?' =17, B€(0,00). (4.30)
T
Under such regime, we get
Z (L1(8),68(S00s 1); -+ ) = ZR0%6 (1 - -ty (4.31)

1 AR 39—3+No—|al
- 21 0 99 0o—|
S D DR BV b

M .
(01,.-,ang ) E(Z0)NO 9-No i=1
|| <39—3+Ng

which is the generating function, at finite Ny and at finite genus g, of the intersection
theory [B1, BT over the moduli space M, n, of closed Np-pointed genus g surfaces M\V (T')
associated with random Regge triangulations |7;] — M. Note that the Weil-Peterson
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form wy p in (.31]) can be appropriately interpreted in the simplicial form (4.19). The
open/closed surface duality mapping ({.31) extends to the moduli spaces M, n,(L) and
M% N, the geometric duality between the hyperbolic (ideally triangulated surface) with
geodesic boundary Q = H(|T| — M) and the closed Ny-pointed surface Q associated
with a random Regge triangulation. Note that the duality (f.31)) can be immediately
rephrased in twistorial terms by recalling the connection (B.2§) between the A-lengths and
the associated null twistors in CP* x CP'\ A given by

(S, 1) = % s (00)€B (k)| (4.32)

where W (00, k) = (£4(00), € 4/ (k)) is the null twistor corresponding to the unique geodetic
in H3 connecting the two horospheres Yo, and ;. We get

ZREN(L1,6(S00,51)); - ) = ZN0 (L1, W™ (00, k)); ....), (4.33)
where
1
ZoP (L1, W00, k)):...) = 4.34
No,g (( 1 (007 ))’ ) 22|a‘(3g—3+N0—‘04’)'x ( )
No 1204 By |22
L™ ||€p(00)€7 (i) a; 39-3+No—|a
X Z __ H o H (0 ‘Uvgp o ‘,

() E(Zp)No Y MaNo i=1
|a|<3g—34+Ng

and the open/closed duality can be interpreted in terms of the scaling behavior of
L7
1

pointed surface associated with |T;| — M.

£B(oo)£B(i)H2ai, i.e. , of twistorial field insertions at the vertices of the closed

In order to describe a full-fledged open/closed string duality in such a setting let us
recall that, according to the discussion in the preceding paragraph, the hyperbolic bordered
surface Q) carries the gauge degrees of freedom associated with the flat SU(2) connection
A,y defined by (E13). We can promote such A to be dynamical fields and consider
the amplitude of the corresponding SU(2) Yang-Mills theory. For a surface 2 of genus
g, area  A(R), and Ny(T') geodesic boundary components {02} with given holonomies
{U, = ei"?’@(k)}, such an amplitude is given by the celebrated formula (see e.g., [BY])

No

2 MU U AQ) = S (dim BRI B A G T] (U,
Re{Unitary Irreps} i=1

(4.35)

where the sum runs over all unitary irreducible representations of SU(2), xr(U;) are the
associated characters, Ca(R) is the eigenvalue of the quadratic Casimir in the representation
R, and finally, 32, is the gauge coupling. Since we are considering a hyperbolic surface
with geodesic boundary, by the Gauss-Bonnet theorem

/ KqdA+ / koq ds = 2m (2 — 29 — Ny), (4.36)
Q o0
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(where Ko = —1 and kgn = 0 are the Gaussian curvature of {2 and the geodesic curvature
of 00 = L0, respectively), we get

A(Q) =27 (29 — 2 + Np). (4.37)
From this, and specializing ([.35) to the irreps of SU(2), we eventually get

<e 2m G0+ ) Com2480) M sin | (2 + 1) |

ASE (U1,...,UN05A(Q)) = Z

2j + 1 0
je{3z.)

i=1 sin -5
(4.38)
In line with the preceding analysis, it is natural to consider the full partition (actually a
Ny-points) function
)= -
- 22139 — 3+ No — |al)
e~ 2m I+ (29=2+1o)
- X
2541

ZP" (L, W (o0, k),0(k));. ..

Nngvﬁ%M
D DD

(a)€(Zx0)N0 je{3Z+ }
|a|<39—3+Ng

B (4.39)

| . O w P )
Mg Ny 121 Qi sin %

X/ ﬁ L2 53(00)53(2')”2% sin [(21 + 1)651)} e 3g—3+No—|al
and discuss under what conditions it yields a duality of the form ([.31). The analysis of
this problem is quite more complicated than the one discussed so far. It goes far beyond the
pure kinematical aspects analized here since it involves an in depth analysis of the boundary
conformal field theory associated with the modular dynamics of the SU(2) gauge field on
the bordered surface €2. It will be presented in a companion paper which is in preparation.
However, already at this stage it is clear that we are calling into play also the moduli spaces
of stable bundles, in particular the variety Hom(m1(Q2),SU(2))/SU(2) of representations,
up to conjugacy, of the fundamental group of the bordered surface € in SU(2) such that
the monodromy around 9€ lies in the conjugacy class of 0. It is well known that such
a representation variety can be identified with the moduli space of semi-stable holomor-
phic rank 2 vector bundles over 2. In such a framework, fixing the conjugacy class of the
monodromy around a boundary component 02 plays the same role played by the datum
of the length of the geodesic boundary of 99 in the case of the moduli space Mg n,(L).
Thus, one is expecting that also intersection theory over Hom(m(€2),SU(2))/SU(2) plays
a role in establishing open/closed duality, (in her analysis of the volume of Mgy n,(L),
Mirzhakani draws similar conclusions). Moreover, since the analysis of the geometry of
Hom(m1(92),SU(2))/SU(2) and of boundary conformal field theory for SU(2) is intimately
connected with Chern-Simons theory, one may wonder if there is an explicit geometrical
counterpart of this, analogous to the simple open/closed duality between hyperbolic bor-
dered surfaces and random Regge triangulations. Quite remarkably, this is indeed the case,
and we conclude our kinematical analysis of open/closed string duality by presenting, in
the next section, the geometrical aspects involved in activating Chern-Simons theory.
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5. Connection with hyperbolic 3-manifold

The connection between twistorially decorated Regge surfaces and hyperbolic surfaces with
boundaries can be naturally extended to three-dimensional hyperbolic cone-manifolds. Re-
call that to the twistor field o° (k) — W (k, 00) on |Tj] — M we can associate either the
marked horosphere (3, zx) or, equivalently, the (unique) geodesic v (k, 00) in HE’H connect-
ing the vertex v%(k) with the vertex at oo of an ideal tetrahedron Jﬁyp(oo, k,h,j) in HE}#.
In particular, to any two adjacent triangles sharing a common edge, say o2(k,h,j) and
o2(k, j,1), correspond pairwise adjacent tetrahedra, Jf’lyp(oo,k:, h,7) and Uf’lyp(oo,k:,j, 0),
that can be glued along the isometric faces aﬁyp(j,k, o0) and aﬁyp(oo,k:, j). Each face-

pairing is realized by an isometry of Hi;

fjk : 0-}21yp(j7 ]{?,OO) - Uﬁyp(ooakaj) (51)

which reverses orientation (so as to have orientability of the resulting complex). In this

way, by pairwise glueing the ¢(k) ideal tetrahedra {Uf’lyp(oo k, ha, ha+1)} associated with

the corresponding Euclidean triangles 02(k, hy, hat1), We generate a polytope

q(k)
PA( Hahyp (00, havs hiatr /{fhak} (5.2)

with a conical singularity along the core geodesic y(k, c0). Explicitly, let us denote by 1. .
the dihedral angles associated with the edges ahyp(-, -) of this polytope. From the relations
between the dihedral angles of each hyperbolic tetrahedron Ui’yp(oo, k,h,j) and the vertex
angles of the corresponding Euclidean triangle o?(k, h, j) it easily follows that

Yoo,h = Onjk + Ok ji (5.3)
Y j = Opnj + Okij
Ynj = Onkj
q(k)

woo,k = Zea,k,oﬂrl = @(k)
a=1

Note in particular that the conical defect ©(k) at the vertex o%(k) € Star[o®(k)] propagates
as a conical defect along the core geodesic v(k, 00) of H{O’J It follows that P3(k) has a non-
complete hyperbolic metric and that the singularity on y(k, c0) is conical with angle ©(k).
In order to endow P3(k) with a hyperbolic structure, let ]%(k:) denote the universal cover in
Hirt of P3(k), with the core geodesic y(k, 00) removed. ]57(14) carries a natural hyperbolic
structure and the holonomy representation of its fundamental group, m; (ﬁv(k)) = 7, is
generated by an isometry of ﬁy(k:) C H%’; of the form

p(k) : wl(ﬁw(k‘)) — Isom (Hig‘) (5.4)

et?(s) 0
(CS’S) I [a(k)< 0 6_1‘¢(5) S 9
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where a(k) > 1 and s +— ¢4, 0 < s < o0 is closed curve winding around the link of ¢°(k) in
Star [0°(k)] with ¢(s = 27) = O(k). Since a(k) > 1, the isometry is hyperbolic (fixing the
point v°(k) and oo in Hﬁ’;) For simplicity, let us identify v%(k) with the origin of Hﬁg
The horosphere ¥ intersects I_Jaf’lyp(oo,k:, hasha+1) along a sequence of offset horocycle

segments {F ZO‘} such that

k
I Zz(:)l Oat1,k,a

~h

(5.5)

Similarly the concentric horosphere *¥j defined by z = a(k) z, a(k) > 1, intersects the

I_Iaﬁyp(oo, k,ha,hat1) along a sequence of horocycle segments {*Fko‘} such that

~

k
dgs ("F 1 PRty = 'ln o)

2

Let ush consider hthe rectangular parallelepiped labeled by the segments
<FZI, For FZI,* Fk‘“k)). A straightforward application of (B.1() provides the
following relations between the (hyperbolic) lengths of the sides of this parallelepiped

*fzqm _ o3 (S, Tx) qu(m , (5.6)
*FZI — o3 (Zk," k) FZI ’
where |...| denotes the length of the corresponding horocycle segment. Since
k)—1
digs (S, £p) = 2 tanh— A =Ly o .
H3( ks k‘) an (Z(k) _|_1 n CL( )’ (5 7)
we get h "
Fhao| = eyt B | et | = gy ‘Fgl . (5.8)
Moreover, from (f.) we have
R (k) R O(k)
‘qu(k) — e‘ln 27 ‘ ‘F]]zl R *FZq(k) = e‘ln 2m */j]lzl . (59)

By compharing these expressions, it follows that we can match the length of horocycle seg-
ment *F /") with the length of the segment F Zl if we choose the parameter a(k) according
to

‘ln (k)

a(k) =€l 27 1. (5.10)

Such a matching condition allows, under the action of p(k) <71'1 <§Y(k‘)) >, an (offset) iden-

~h ~h
tification between opposite faces of (le, qu(k);* le,* FkQ(k)), and consequently we can
choose this rectangular parallelepiped as a fundamental domain for the action of the holon-
omy representation p(k). The resulting developing map describes P, (k) as an incomplete
manifold and P}‘(fyp(k) = P, (k) \ p(k) is topologically equivalent to a solid torus S' x B2,
(B? being the meridianal 2-dimensional disc) with the central geodesic missing. Note that

,26,



such a geodesic can be naturally identified with the geodesic boundary component 9
of the open hyperbolic surface €2. In order to get an intuitive picture of what happens,
observe that the identification polytope P3(k), cut by the horosphere ¥, is topologically
a solid cylinder sliced by the faces of the component tetrahedra. If we remove a tube of
small (infinitesimal) width around the central geodesic 7(k,o0) we get a topological solid
torus sliced into parallelepipeds, with a thin and long tubular hole associated with the
removed geodesic. The isometry (b.4) twists up this solid torus with a shearing motion,
like a 3-dimensional photographic diaphragm. Adjacent parallelepipeds slide one over the
other tilting up, while the central tube correspondingly winds up accumulating towards an
horizontal S!.

5.1 Hyperbolic volume

We can formally extend this geometric analysis to the whole Regge triangulation |T;| — M
by forming the support space (for a compatible hyperbolic structure)

N1 (T)

v=J[ obp(c0.k b ) / {fim} (5.11)

J}%yp (l,m,oo)

(the number of hyperbolic faces to be paired is equal to the number Ni(T') of edges in
|71 — M). Note that the link of the vertex at co in V' is

N1 (T)
link [oo] = | opyp(ks by j), (5.12)

ol (Lm)

where the glueing along the edges {alllyp(l, m)} is modelled after the Regge surface |T;| —

M. If this latter has genus ¢, then from the Euler and Dehn-Sommerville relations

No(T) = Ni(T) + No(T) = 2 - 2g, (5.13)
2N1(T) = 3No(T),

we get that the support space V has
No(T) =2No(T)+49—4> No(T)+ g (5.14)

ideal tetrahedra with Ny(T') vertices associated with its boundary components dV. As
we have seen in section [, the edge-glueing of {aﬁyp(k, h,j)} gives rise to an incomplete
hyperbolic surface and consequently also V' cannot support, as it stands, a complete hyper-
bolic structure. To take care of this, we start by removing from V" an open (horospherical)
neighborhood of the vertices. In this way, each tetrahedron Ui’yp(oo, k,h,j) becomes a oc-
tahedron with four (Euclidean) triangular faces (in the same similarity class which defines
the given tetrahedron), and four (hyperbolic) exagonal faces. Note that the boundary of
the removed open neighborhood of oo is triangulated by Euclidean triangles and it repro-
duces |Tj| — M. Note also that the removed neighborhoods cut out an open disk Dy
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around each vertex v%(k) in V. Next, we remove from V also an open neighborhood of
the geodesics {vy(k, o) ]kvi(lT). In this way we get from the support space V a handlebody
Hy . Topologically, Hy is [0,1] x Q, where € is the surface with boundary (LU0S) asso-

ciated with the hyperbolic completion of I_Jaﬁyp(k:, h,7). The handlebody Hy plays here

the role of the polytope ﬁ,(k) introduced in connection with the support space (5.9). By
identifying the bottom ¢ ~ 0Hy |y and top 1 ~ OHy |1 copies of the surface ) by means
of the appropriate orientation reversing boundary homeomorphism h : dHy|op — 0Hy |y,
with h(0Q%]0) = —0Q|1, we get the support space

vV ({02 )\ K = Hy\ ~ (5.15)

(V'\ K, for notational ease), where K is the knot-link generated in Hy by the action of the
identification homeomorphism A on the boundaries connecting the tubes associated with the
removed core geodesics {7(k, o0) gi(lT). It is not yet obvious that V' \ K admits a complete
hyperbolic structure. First, we have been rather cavalier on the delicate issue concerning
orientation in glueing the ideal tetrahedra, (for semi-simplicial triangulations problems
connected with orientability of the hyperbolic complexes obtained upon face-identifications
can be rather serious and we may end up in a ideal triangulation which may actually not

T)

define a manifold). Moreover, around the removed geodesics {v(k, oo)}]kvi(1 the geometry
is conical, and in order to establish completeness for the hyperbolic structure we have to
discuss how hyperbolic Dehn filling can be extended to cone manifolds. These are delicate
issues which, to the best of our knowledge, do not have answers that can be easily given in
general terms. The interested reader may wish to consult the remarkable papers f@]
where particular cases are thoroughly discussed. Notwithstanding the technical difficulties
in characterizing complete hyperbolic structures on V'\ K, their existence, when established,
implies a number of important consequences which bear relevance to our analysis.

First of all, if the support space V' \ K generated by |T;| — M, is indeed a three-
dimensional hyperbolic manifold Wiy, ({©(k)}\ K, then we can easily compute its hyperbolic
volume in terms of the conical angles ({©(k) ivi(lT)) As a matter of fact we can associate

to any triangle o%(k, h,j) of |T;| — M the volume Vol [aﬁyp] of the corresponding ideal
3

hyp*
analysis), such a volume can be expressed in terms of the Lobachevsky functions £(6;1),

tetrahedron o According to Milnor’s formula, (see e.g. [2§], for a very informative

L(On;), and L(6y;1) of the respective vertex angles of a%(k, h, j), where
Ok n
L(Ojin) = —/ In [2sin z| dx. (5.16)
0
In our setting, this translates into the mapping

o”(k, h, j) — Vol [oh,, (00, k, h, )] = L(0; kn) + L(Oknj) + L(Onjk), (5.17)

which is well-defined since, due to the symmetries of the dihedral angles of aﬁyp(oo, k,h,j),

the valutation of Vol [aﬁyp(oo, k,h,j )} is independent from which vertex of the tetrahedron

is actually mapped to oo, (see [R§], prop. C.2.8). Thus, we can compute the volume of the
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three-dimensional hyperbolic manifold Vi, \ K as

Vol [Vhyp ({G(k:) kNg(lT)> \K} - (5.18)
No(T)

Z [['(HaJrl,k,a) + ﬁ(ak,a, a+1) + ['(Ha,aJrl, k)] )
{02(k7h047ha+1)}

where the summation extends over all triangles 02(k, hy, hat1) in the Regge triangulated
surface |T;| — M. Equivalently, in terms of the complex moduli (441, o Of the triangles
02(k,ha, hay1), we get

Vol [Vhyp ({@(k) Qg@) \K} - (5.19)
No(T)

Z [['(arg CaJrl,k,a) + ﬁ(arg Ck,a, a+1) + ['(arg Ca,aJrl, k)] .
{02(k7h047ha+1)}

It is worthwhile to remark that if one computes the Hessian of Vol [Viyp| with respect the
angular variables {011k, o} of the generic triangle o%(k, ha, hat1) one gets

. 0? No(T)
B 0 904—}—1,]9,@2 Vol |:Vhyp ({Q(k) k=1 >] = —cot Ha—i—l,k,a = (520)

_ P(hat1, k) + (K, ho) = P(has hat1)
B 4A(a+1, k, a) ’
2
Ha,a = 9

= G Vol [Vivo ({00127)] = —cot =

_ P(k,ha) + Plhay hat1) = B(has1, k)
N 4A(k, o, a+1) '
82

0 0p a1 i’ Vol [Vhyp ({@(k) ]kvi(lT)ﬂ = —cot 0p at1,k =

_ lz(haa hoHrl) + lz(haJrla k) — l2(k’ ha)
4A (o, a+1,k) ’

Hy, i,

Ha+1,a+1 =

where A = A(a+ 1, k, «) denotes, up to cyclic permutation, the Euclidean area of the
triangle o2(k, ha, has1), (see paragraph R.1). From (5.20) we get

ZQ(ha_H, k) = 2A(Ha+1’a+1 + Hk,k)7 (521)
P(k,ha) =2A (Hi k. + Ho o),
lQ(hou ha+1) - QA(Ha,oz + Ha—i—l,a—l—l)a

which provide sign conditions on Hy,,. Actually, it is relatively easy ([7]) to show that
the restriction of the Hessian of Vol [Viy, \ K] to  the local Euclidean structure on
each 02(k,ha,har1) is negative-definite. This latter remark implies that (minus) the
Hessian of the hyperbolic volume can be used as a natural quadratic form on the space
of deformations of the Euclidean structures associated with random Regge triangulations
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and which naturally pairs with the Weil-Petersson measure (4.19) on moduli space. It is
also clear that formally the hyperbolic volume (f.1§) does not require the existence of a
complete hyperbolic structure on the support space V' \ K, and we may well associate the
function (p.1§) to V'\ K. However, the existence of a complete hyperbolic structure implies
that such a volume function is a topological invariant by Mostow rigidity. Moreover, one
can formulate the so-called volume conjecture (R. Kashaev and H. and J. Murakami) [[[] -
9], (and [ for a review), which, in our setting, may be phrased by stating that if K is not
a split link and J,(K;t) is its colored Jones polynomial associated with the n-dimensional

irreducible representation of sly(C), then

or lim In {Jn(K;exp [%])‘

n— 00 n

= Vol [Viyp ({00)}127) \ K| (5.22)

(in the standard formulation of the volume conjecture the role of the support space
V({©(k) ]kvi(lT)) is played by S3, and one assumes that the complement S3\ K of the link K
admits a (complete) hyperbolic structure). J,(K;t) is defined through the n-dimensional
irreducible representations of the quantum group Uy,(sl(2,C)). For some hyperbolic knots
in S, in particular for the figure eight knot [R(] (and for torus links, which are non-
hyperbolic and yield 0 on the right member of (5.23)), the conjecture has been proved, (see
also [ for a deep analysis). This connection between knot polynomials and hyperbolic
volume has been actually promoted to be part of a more general conjecture 1] relating
the asymptotics of the colored Jones polynomials to the Chern-Simons invariant

. 2mi
274 - lim I Ji (5 exp [ n ])

n—o0 n

=S [Viyp/ K] +iVol [Viyp /K] (5.23)
and

li .
o JIn(K;exp [27”])

n

Jn1(K;exp [22]) o [
P o7

— (C'S [Vayp/ K]+ Vol [Vigp /K])) (5.24)

where again we have formally referred all quantities to Viyp, /K, in particular C'S' [V, K]
is the Chern-Simons invariant of the connection defined by the hyperbolic metric on
Viyp/ K. It should be clear that these statements have a status quite more conjectural
then the original ones owing to the conical nature of V}y,, /K, nonetheless they are rea-
sonable in view of the holographic principle. Recall that a geometrical version of classical
holography is familiar in hyperbolic geometry as the Ahlfors-Bers theorem which applies
to hyperbolic manifolds V' containing a compact subset determining a conformal structure
on the boundary at oo of V. In such a case the geometry of V is uniquely determined by
such induced conformal structure at co. It should be clear from its very set-up that our
approach to closed /open duality is, geometricaly speaking, holographic in nature. Roughly
speaking it is akin to a simplicial version of Ahlfors-Bers theorem, (for a serious analysis
of this issue for conical hyperbolic manifolds see [i4]). At this stage it is important to
refer to the remarkable paper [if] which examines the connection between the volume of
hyperbolic manifolds, the AdS/CFT correspondence and moduli space geometry. It would
certainly interesting to analyze in depth the possible relation between their approach and
our framework.
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